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Effect of transient condensation of a supercooled gas on the
size distribution of new-phase particles
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The homogeneous nucleation of the liquid phase upon rapid cooling of a gas is consid-
ered in the framework of the Zel'dovich—Frenkel theory, and the time-dependent distribution
function of nuclei in size space and the nucleation rate are determined. It is shown that in
the transient case a certain modification must be made to the basic kinetic equation at high
supersaturations of the gas to allow for the discrete number of molecules in a nucleus. The
form of the distribution function is found in the leading and next-higher approximations in the
reciprocal of the activation barrier. Comparison with a numerical simulation shows that the
results are quite accurate.
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1. Introduction

According to Zel'dovich [1,2], the formation of new-phase nuclei can be described
by a kinetic equation of the Fokker—Planck type in “size space”

af of . d f
TR TS j= D(g)N(g)agN- 1)
Hereg is the number of molecules in a nucleus (the “siz¢0g, 1) is the nonequilibrium
distribution function,j (g, ) is the flux in size spacd) is the diffusion coefficient, and
N is the equilibrium distribution function, which is related to the change in the free
energy® of the system upon formation of a nucleus of a given skey exp—®/(kt)].
The critical sizeg, corresponds to the maximum of the functian(g)/(kT). In the
theory considered here, this maximum value (which is assumed large) determines the
activation barrier of the nucleation process.

At fixed parameterg,, ®., etc., the system has a steady equilibrium distribution

1 %
f(®) = 5N (@) erfc(g . ) (2)
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with a size-independent value of the flux

D(g,)N (g, 1 9%
== (g+) (g)’ A:(
AT

—1/2
) @
(A is the width of the critical region).

In reality, changes in the external conditions and depletion of the initial phase by
the nuclei that form cause the level of metastability of the system and, hence, the nu-
cleation process to become time dependent. Transience in the formation of the largest
nuclei can be particularly important, since these nuclei will govern the breakoff of nu-
cleation and the transition of the system to the asymptotic regime [3]. The transient
problem has hitherto been considered mainly from the standpoint of relaxation to the
steady distribution (see review [4]).

In the present study, new-phase nucleation is investigated in the case of a time-
dependent level of metastability of the initial phase; the characteristic times for changes
in the activation barrier here can be comparable to the time for relaxation to the steady
distribution, and so transient effects can be important. Situations of this type can occur
in molecular beams, which are characterized by high rates of cooling [5], in condensed
media [6], and at temperatures near a critical point [7], where the relaxation to the steady
distribution slows down.

As in the steady-state treatment [1], the quantity: A /g, is taken as the small
parameter of the problem. The conditierg 1 is satisfied if the heighb../(kT) of the
activation barrier is so large that its square rebt/(kT))*? is also large.

In section 2 we construct asymptotically énexact expressions for the distribution
function and the flux of nuclei in size space. We determine the transient nucleation rate.

In section 3 we consider the nucleation of a liquid phase at high supersaturation of
the gas, when the initial equation applies only in a comparatively small neighborhood
of the critical size. We obtain a kinetic equation which is valid for all sizes below the
critical size and goes over to equation (1) in the critical region, and we construct the time-
dependent solution to the leading and next-higher orders e results are compared
with a numerical simulation.

In appendix we give an asymptotically exact solution for the relaxation to steady
nucleation.

2kT 0g?

2. Transient distribution of nuclei in size space and therate of nucleation

In the classical theory of nucleation [8] the nuclei are treated macroscopically, and
the energy® can be divided into surface and volume parts

Here S is the degree of supersaturation of the gasis the molecular volume of the
liquid phase, and is the coefficient of surface tension. The basic small parameter of
the problemg = A/g,, is of the form(®, /(3kT))~Y/2. At moderate gas densities the

—g Ins — |92/3, | = (47.[)1/3(3UL)2/3
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diffusion coefficientD(g) in equation (1) is given ag.fs,, wherew. is the condensation
coefficient andBs, is the frequency of collisions between gas molecules and the nuclear
surfaces,.

If the thermodynamic parameters of the gas (temperature, pressure, etc.) are time
dependent, the coefficients in the expression for the work of formation of a nucleus in (4)
will vary with time. In the leading approximation g/ (kT), whereq is the heat of the
phase transition per molecule, it is necessary to consider the time derivatives only of
guantities containing I§, with the result

I P(g) & 3 D 5)
at kT~ g.otkT’

Unlike ¢, the parameteg/(kT) does not play a fundamental role but only streamlines
the calculations somewhat.

We shall show that the function (5), which contains a time derivative of the asymp-
totically large parameter—2, plays the governing role in the description of the transient
nucleation. As a quantitative measure of the level of transience one can take the quantity

0 o,

= —Tre| — —,
" S kT

where the timer,ey = A?/(2D,) characterizes the relaxation to the steady distribution
(see appendix).

Before we start on the solution of the problem, let us formulate the basic assump-
tions.

We assume that the characteristic times for changes in the thermodynamic para-
meters of the initial phase that do not exhibit anomalies on crossing the line of phase
equilibrium are much larger thane. However, the characteristic time for changes in
the height of the activation barrier is not assumed to be long compargg tnd we
accordingly keep the quantityin the expressions given below.

We transform the initial equation (1) to the new unknown functice f/N and
sizeu = g/g.

1,9 Dav D ovd v 2 v
—— — +——-— — VU = Tre|— + —hUu—,

od
_8 —_—
2 duD,du D,oud! ot 2 du

_E.

/

(6)

The boundary conditions on equation (6) are determined from the conditions that
the kinetic and equilibrium distribution functions agree for nuclei of extremely small
sizes [1] and that the total number of nuclei in the system be finite:

v(O0,1))=1, v(u,t) >0, u— oo. (7)

Because the coefficients of equation (6) vary little over a timgeand the boundary
conditions (7) are independent of time, for nuclei which are not too much larger than
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the critical size a quasisteady size distribution is established which is described by the
equation
a DO D 29’9 0
2 - + — & 2nvu = eznu—v. (8)
ouD,ou D, ®” du ou
The difference from the corresponding steady-state equation is characterized by
the parametet.
We solve equation (8) by the method of matched asymptotic expansions [9].
Outside the critical regiong’ is not small, and the terms proportional 46 in
equation (8) can be neglected. In this case

u ®//
Inv=n duu——. 9)

o D @

Foru — 1, equation (9) has the asymptotic form
Inv=niIn1l—u)+nC, (20)
! D, @/ 1 25

C = duju—— — =——1In3. 11
/0 M{MDCD/ u—l} 12 (1)

Nearu = 1, where the “outer” solution (9) is not valid, we transform to the “inner”
z = (u — 1)/e. To leading order iz, equation (8) reduces to the equation
8%v
922
which was considered in [10]. The decaylng solution of (12xfes oo is of the form

+2z —2nv=0, (12)

v(z) = —Al erfc(z), (13)

wherei” erfc(z) is the multiple probablllty integral [11].

The coefficient4,, in the last expression is determined from the condition that the
asymptotic value of the inner solution (13) for— —oo agree with that of the outer
solution (10) foru — 1:

A, =T (n + 1" exp(nC). (14)

Finally, we write out the expression for the distribution function in terms of the
original variables:

1 ® —n/2 g,
flg. 1) = —N(g,t)F(n+1)<3kT> exp(nC)i"erfc<g Ag ) (15)

This equation agrees with (2) in the steady-state limit 0.
If the cooling rate of the gas is characterized by the quaatity —d In T /dt, then
it is easy to show that

1
n==—2 g5 (16)

A oV
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wherei = ov°/q (for simple liquidsx ~ 1/6, and for water far from the critical
temperaturer, ~ 1/10); v ~ ﬁvf/g is the frequency of intermolecular collisions. It
follows from (16) that the condition > 1 can be satisfied even at cooling rates which
are small compared to the intermolecular collision frequency: Aacggs/gv an

Solution (15) applies for <« 1/e, or (g — g«)/g« < 1. An estimate of the
derivativedv/at in the region of maximum sizes yields a condition for admissible values
of n:

. /(kT)
In[®../(T)]

A comparison of (17) with the condition of substantial transiemce 1 implies
that solution (15) has meaning in an asymptotically wide interval of cooling rates.

We have been considering the initial stage of nucleation, when the height of the
activation barrier decreases with time £ 0). Analogous estimates for the final stage
(n < 0) show that the solution applies only far> —1; for smallern no quasisteady
regime is established (see appendix). However, in the stage—1 an exponentially
small amount of the liquid phase is formed; consequently, the intense nucleation can be
described entirely by solution (15).

Let us consider the flux of nuclei in size space. Ngawe have to leading order
inlne

n<&?2 a7

— _An 2\:n—1 f , 18
=73 exp(z®)i"*erfc(z) (18)
where J is the size-independent steady-state value of the flux (3). The function
exp(z?)i" L erfc(z) for z — oo has the asymptotic forn2/,/m)(2z)~", whence it fol-
lows for 1« z « 1/¢ that

j(g’t)z_

PN )2 = %

J=JA(2)™" (19)

(the upper bound on derives from the applicability conditions for equation (12)).

The expressions obtained for the distribution function and flux cannot be used for
“large” nuclei withg — g, > g.. Here, however, the macroscopic character of the be-
havior of the large nuclei is a simplifying circumstance, so that one does not have to
consider equations of type (1) containing a second derivative with respect to the “coor-
dinate” (size). To find the size distribution of the nuclei in this case it is sufficient to
know their rate of formatiord and initial sizego.

Let us (formally for now) define the rate of nucleatibms the flux ag = go. The
size distribution of the large nuclei is of the form

flg.t)=¢"j(g0.t — (g, 20),

wheret (g, go) is the time over which a nucleus grows to sizeThe ambiguity associ-
ated with the choice ofy vanishes if the latter satisfies the conditigs— g. > A. In
this case the drift component of the flux is substantially larger than the diffusion compo-
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nent and is given by asymptotic expression (19), which should thus be regarded as the
transient nucleation rate In the original variables

[=JT(n+1) exp(nC)<2§ ) (g";g*> : (20)

Unlike the steady nucleation rate equation (20) depends on the initial sigg
which can be chosen arbitrarily in the intenal <« go — g+ < gs«; as we have said,
this ambiguity does not affect the observable quantities. We note that in a purely steady-
state treatment [1] the question of the choice of initial size can be answered only to
logarithmic accuracy; here this quantity is uniquely related to the nucleation rate.

It is shown in appendix (see (A.9)) that upon establishment of a steady distribution
the flux remains practically zero during an “incubation” time

2
t| = tre|{|n _Z - C/}
&
According to our assumptions

nt;
Jexp(——) = J( — 1),

Trel

and we can write equation (20) in the form
1 =J(t —ti(go)) exp{n(C — C)}T'(n + 1). (21)

Thus, the rate of formation of nuclei of sigg is determined mainly by the steady-
state nucleation rate at the time- £j(go). The insignificant (from an asymptotic stand-
point) corrections exjm(C — C’)} andT"(n + 1) arise because of the renormalization of
the incubation and relaxation times for a system with a time-dependent level of metasta-
bility. Within the domain of application of the expressions we have obtained, nucleation
rate (21) naturally is smaller than the steady-state vdlag. The difference vanishes
forn <« 2/In(®,./(kT)).

Formula (21) also applies to the description of nucleation in other physical situ-
ations in which the expressions for the work of formation of a nucleus, the diffusion
coefficient, etc. can be different from the ones considered. The relaxation time here is
given as before by the expressign = A?/2D,, and the constar@’ which appears in
the incubation time; is evaluated from the macroscopic equations for the decomposi-
tion of a nucleus via formula (A.6). Certain differences arise only in the calculation of
C if the expression fob(®/(kT))/at is more complicated than (5). We note, however,
that relation (5) is typical, since it is the coefficient multiplying the volume term that
primarily determines the level of metastability of the system.
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3. Largesupersaturations of the gas: refinement of the solution with allowance
for the discrete number of moleculesin a nucleus

The domain of application of the initial equation (1) is restricted to a neighborhood
of width A near the critical size [12]. It is easily verified, for example, that outside this
neighborhood the quantit®a In N /dg does not correspond to the macroscopic growth
rate¢ when the supersaturation is largeSl= 1. In the steady-state case the domain of
application of equation (1) can be extended to all subcritical sizes, since the solution is
determined by the behavior of the coefficients in (1) specifically geain the steady
case, as is clear from the previous discussion, the values of the coefficientsfer gl
contribute to the solution, and equation (1) must be modified so that it also holds for
small nuclei withg < g, — A.

The change in the kinetic distribution function with allowance for only the domi-
nant processes of condensation and evaporation of a single molecule can be described
by the following system of kinetic equations [1]:

8f . . . fgfl fg
—— =, — , =D, 1N,_ e B 22
a1 Jg — Jg+1 Jg g—11Vg 1(Ng—l Ng ( )

Equation (1) follows immediately from (22) upon replacement of the first differ-
ences by first derivatives. Such a replacement, however, is not possible everywhere,
since outside the critical region the equilibrium distribution functi®ig) (and, for
g < g« — A, the functionf (g) itself) changes by a quantity of the order of unity when
g is replaced by £ 1. This circumstance can be taken into account rather simply for
the functionN(g): the finite difference terms should be kept as they are and not re-
placed by derivatives in the expressions which contain only the known functions. To
obtain a correct continuum equation for the kinetic distribution function it is necessary
to transform from the functiorf to a new unknown function which varies smoothly in
size space. In the subcritical regign< g., as we see from the solution obtained ear-
lier, v(g,t) = f/N is a smoothly varying function for which equation (22) implies the
equation

v dInN 9 p L pyd? 1qua?v

o TV Tag g U g 20 age
where¥ =1— N,_1/N, (the last term in (23) is retained in order to get the corrections
of ordere).

Equation (23) holds not only in the critical region, where it is practically the same
as equation (1), but also in the region of small sizes, where equation (1) does not apply.
The growth of large nuclei with sizegs > g. + A, for which this equation does

not apply, can be described by macroscopic equationsgnthD . A kinetic equation
which holds forg > g* — A and goes over to (1) in the critical region was obtained
in [13]; the discreteness of the varialylevas taken into account in [12,14] in a study of
the relaxation to the steady distribution.

(23)
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The rest of the calculation is conveniently done in the variables (g/g.)Y°.
Equation (23) becomes

1/e\%0% 1 Y ov 20V g2 30V
=) —=(1-=V¥ — x?— — 5= — 4+ —x"— 24
2(3) 8x2( 2 >+ st gy MY S me g hgrg (24)

In analogy with the previous discussion we find that outside the critical region
3ln S
Inv = n/ dx x3 (25)

To leading order irg, the equation for the function(z) retains the form (12) near
g+, an the solution is of the form (13), (14), where

~ [ 2\ 2 NS  (nsy
cz/ dx(n—Sx3— 3 )——S—I ng4 o (N9 (26)
0

v x3-1 12 8 144 -

We note that this solution differs substantially from that obtained in section 1 only at
extremely large supersaturations or at a high level of transiéniceS ~ 8).

In taking into account the discrete number of molecules one should, generally
speaking, allow for the higher terms in the asymptotic expansion of the solution in
In the outer solution (25), the corrections that arise are of arfl@nd do not have to
be taken into account, since this quantity is extremely small for macroscopic nuclei. On
the other hand, the corrections to the solution in the critical region are of erded
must be taken into account for an accurate description of the behavior of the distribution
function nearg, (see the comparison with the numerical simulation below).

Nearg, we seek a solution of the form

Ul(Z)} _3x-=1
(2) e
wherewvg(z) is the solution of (13) with a renormalized value (corresponding to (26)) of
the constant.

Substituting (27) into quasisteady equation (24) and keeping terms througtz prder
we obtain a linear inhomogeneous equationmfdr), from which

v(z) = vo(2) eXp{ (27)

2 In 1 -1
jﬁz) =—An(n + 1)i"erfc(z) (1 + %) - éi’"1 erfc(z) (1 4+ 5 In S)
1
— 1—2i"’3erfc(z). (28)
Forz — —oo the inner solution of (27), (28) has the asymptotic behavior
4 InS
v(z) ~ &"z|" exp{nC - —I’l|Z|8<l + ?> },

in which the leading and next-higher orderg loorresponds to the asymptotic behavior
of solution (25) forx — 1.
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Figure 1.v(g) as a function og. v(g) = f/N is a smoothly varying function, whergis a nonequilibrium
distribution function,N is the equilibrium distribution function, angl is the number of molecules in a
nucleus. Curves 1-4 are explained in the text.

The accuracy of the above solution was illustrated by numerically solving sys-
tem of equations (22) in an expanding gas volume. Here the degree of transience of
the process was characterized by a variableCurve 1 in figure 1 was obtained for
n = 1 (n = 1.025); for the example considered, this value corresponded to the follow-
ing values of the parameterg; = 55, InS = 1.06,¢ = 0.32. Curves 2 and 3 show
the leading (13) and the next-higher approximation wwithout allowance for the dis-
creteness. Curve 4 shows the solution (27), (28), which takes into account the discrete
number of molecules in a nucleus; we see that this solution practically coincides with
the “exact” solution inside the critical region.

4, Conclusions

1. Transient nucleation of new phase, like steady nucleation, can be described to as-
ymptotic accuracy in the height of the activation barrier.

2. For atime-dependent level of metastability of the initial phase, the transience of the
nucleation process is basically characterized by the quantityhich specifies the
change in the height of the activation barrier over a timg(z is the time for re-
laxation to steady nucleation). Substantial transignce 1) can occur even for gas
cooling rates which are extremely small compared to the frequency of intermolecu-
lar collisions.
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For sizes smaller than the critical size or not too much larger, a quasisteady distri-
bution is established which is determined by the instantaneous configuration of the
potential relief and its first time derivative, in the limit— 0 the expressions ob-
tained for the distribution function and flux correspond to the familiar steady-state
solution of Zel'dovich, equations (2), (3).

3. Under transient conditions the nucleation rate differs from the steady-state rate by a
pre-exponential factor which depends on the choice of the initial size of the incipient
nuclei. However, this ambiguity does not affect the “observable” characteristics of
the process (the distribution function of the large nuclei). By establishing the rela-
tionship between the initial size of a nucleus and the nucleation rate, one can go be-
yond the traditional “logarithmic accuracy” inherent to the purely time-independent
treatment, in which the initial size of the nucleus is strictly undetermined.

4. The discreteness of the number of molecules in a nucleus primarily affects the
macroscopic growth rate of the nucleus. This is reflected in the distribution of nu-
clei in the critical region only in the transient case at high supersaturations of the
gas. In the general case allowance for the discreteness should be accompanied by
another asymptotic expansion in the reciprocal of the activation barrier. Here the
next-higher (after the leading) approximation usually gives sufficient accuracy for
practical purposes.

Appendix. Relaxation to the steady distribution

Let us rewrite the initial equation (1) for a time-independent equilibrium distribu-

tion N(g) in the variables: = g/g. andv = f/N.
d 0 29’9 0
22 p2l po” 90 _ A20Y (A.1)
du Ju D7 Jdu ot
After a Laplace transformation

V(u, p) = /OO dr exp(—pt)v(u, t)
0

equation (A.1) reduces to the equation

d dv 29’ dV
2 U LUV cFHY A2

& duDdu + D 7 A“Vp (A.2)
with the boundary conditio (0, p) = p~1, which follows from (7). Solving (A.2) in
analogy with (8) by the method of matched asymptotic expansions, we find the outer
solutions(1 — u > ¢):

V(u, p) = p texp|—prw)},
“lu D> (A.3)

T = — , =8,
(w) o o T kT og?®



Y. Park / Effect of transient condensation 341

where 7(u) is the decomposition time of a nucleus, and the inner solugion=
(u—1/e, |z] K€ 1/e):

2
2D,

Applying the inverse Laplace transformation to (A.3) gives rise to an obvious result
v(u, 1) = O — t(u)), whereO is the theta (step) function.

From the matching condition for asymptotes (A.4)zat> —oo and (A.3) for
u— 1, we find

V(z, p) = %B(p)i”’ erfcz), m=p (A.4)

b [2Dp*1 1
B =p7ir 1 "e™ "= - = A.
(p) = p~'T(m+DexpmC)e",  C /0 du{ X u—1}’ (A.5)
which gives
1 A? , _

Function (A.6) has a pole at = 0, corresponding to steady-state solution (1). The
nearest pole: = —1 (p = —2D,/A?) determines the maximum relaxation time

AZ
2D,

(A7)

Trel =

Let us determine how the steady distribution is established in the above-critical
regionz > 1. Here (A.6) can be replaced by the asymptotic expression

1 A2

J7 2D,
The poles of the function (A.8) are located at the points= 0, —1, —2, ... and
have residues (with respectitg of (—1)~"/(—m)!. Introducing the incubation time

V(z, p) = " exp(mC")T (m) exp(—z%)(2z) ™%, (A.8)

we have fort > i — 71e/In 22
o1 exp(=7%) «— (=" t —1(2)
v(z, 1) = N > — exp{m - } (A.10)

Formally the sum in (A.10) is defined only ferm <« z? (otherwise asymptotic
expression (A.8) is invalid), but because of the rapid convergence in (A.10) one can
extend the summation teoco to get

:iexp(—zz) B =
v(z,t)_ﬁ—zz exp{ exp( — )}
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In an analogous way, we get for the flux

Jjz, )= ]exp{—exp(_ﬂ>}.

Trel

Over atimer < 5 the flux is practically zero.
Under transient conditions a function2D..u is added to (A.1) (see (6)).
In analogy with the previous case we get

1
V,(z, p) = ﬂtrew’"” exp(mC’ + nC)I'(m + n + 1)i"*" erfc(z), (A.11)

where the constant is found in section 2. The pole ai = 0 leads to quasisteady
regime (15), which sets in over a time which is determined by the pate-at—n — 1:

Trel
n+1
In the initial stage of nucleatiotr > 0) the relaxation time is shorter than the time for
relaxation to the steady distribution, while in the final stage of nucledtioa 0) it is

longer, and fom < —1 the quasisteady regime discussed in this paper does not arise at
all.

Trel(n) = (A.12)
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